In this paper we provide lower bounds for class numbers of real quadratic fields of Richaud-Degert type, as well as for class numbers of related real biquadratic fields.
Introduction. Lower bounds for class numbers of real quadratic fields have been studied by H. Hasse [6] and H. Yokoi [15] [16] . We generalized their results in [11] subject to a certain restriction which we are able to eliminate in this paper. Moreover, we use the techniques provided by the study of the quadratic field case to provide lower bounds for class numbers of biquadratic fields of type Q(]/d2 + Ad, y¡D2 + ad) where D > 0, d divides D, a e {1,2}, and both D2 + 4d > 1 and D2 + ad > \ are square-free.
1. Lower bounds for class numbers of real quadratic fields. We begin with a definition. If « is a positive square-free integer and t is any positive integer, then we say that a rational integral solution (u, v) 
Proof. If SP is a Jv-prime above p and k is the order of the class of a2 in CK then k divides h(n). Moreover, since p splits in K then x2 -ny2 = ±a2pk has a nontrivial integral solution (x, y). Thus we may invoke Lemma 1. In the following we avoid the case n = D2 -1, as did Hasse in [6] . The reason is that h(n) is known to be larger than 1 for all D > 2 since such n cannot be of the form q, 2p, or qYq2 where q is prime, p = 3 (mod 4) is prime and qx = q2 = 3 (mod 4) are prime. 
At this juncture it is worth commenting upon the strength of the bounds in Corollary 1.1. It is well known that there are infinitely many square-free integers of the form n = D2 + 1. In point of fact Iwaniec [7] has shown that there are infinitely many such n which are divisible by at most two primes. As noted in the discussion preceding Corollary 1.1, h(n) = 1 only if n is divisible by at most two primes. However, Corollary 1.1 yields that all but finitely many of these remaining n have h(n) > 1. Let p be an odd prime dividing D. Then by Corollary 1.1(b) we have that h(n) > log(2Z>)/log/> > 1.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Therefore h(n) > I for all n = D2 + 1 with D > \ odd. If D is even and p is an odd prime dividing D with D > 2p then by Corollary 1.1(a) h(n) > 1. This latter case has further ramifications which deserve discussion. Chowla [2] conjectured that for primes of the form D2 + 1 with D > 26 we have h(n) > 1. In Mollin [13] we proved that h(n)> 1 for all square-free integers of the form n = D2 + 1 where either n is composite or n is prime and D + 2p for any odd prime p. This is also the situation excluded by Corollary 1.1(a). Furthermore in [13] we proved that h(n) = \ is tantamount to several criteria among which is that the least prime quadratic residue modulo n is in fact p, when D = 2p. It is a difficult problem to determine when such a least prime quadratic residue exists (e.g., see Chowla [1] ). Another criterion for h(n) = 1 which we displayed in [13] is that -x2 + x + p2 is equal to a prime for all integers x with 1 < x < p. Although the latter seems tractable on the surface, it too is difficult. However, in [14] Mollin and Williams were able to achieve the Chowla conjecture under the assumption of the generalized Riemann hypothesis. Now we turn back to further consequences of Theorem 1.1. Proof. By [3] (see also [4] [5] ) the fundamental unit of K is (2D2 + r + 2D\fn)/\r\. In Corollaries 1.2-1.3 we see that the lower bounds on the class numbers are nontrivial under the given hypotheses. Moreover, since the regulators of these Richaud-Degert type quadratic fields are small, then the Brauer-Siegel Theorem gives us that h(n) -» oo as n -» oo; i.e., h(n) grows with the discriminant. This is of course not the case with arbitrary real quadratic fields, since small regulators are rare in general.
Finally, since the results of the next section on biquadratic fields are based upon the bounds obtained in this section, no discussion of those bounds will be necessary. 
Proof. Let F¡ = Q({n~i) for i e {1,2,3}. To prove (a) we first show that K is ramified over F3 at some F3-prime. Suppose that, on the contrary, K is unramified everywhere over F3. Thus, by the multiplicativity of ramification indices in towers, we have that every prime which ramifies in F¡ for j 6 {1,2}, must ramify in F3. Since h is square-free then «y divides n3 whence d divides «3. Since \d\ ¥= 1 then n3 is divisible by a prime divisor q > 2 of d. However d2 divides nxn2 whence g.c.d. (/?3, d)-\ = g.c.d.(n3,q) , a contradiction. We have shown that K is ramified over F3 at some F3-prime. Therefore we may invoke [8] to get that h(n3) divides h( K) (see also [9 and 10] ).
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use This completes (a) since h(K) > h(n3). Note that although h(n¡) divides h(K) for / e {1.2} as well, h(n3) provides the largest bound, which is a straightforward but tedious check.
To verify (b) we first prove that K is ramified over F, at some F,-prime. Suppose that K is unramified over Fx; then, as in the proof of (a), n2 divides nx. Therefore there exists an integer / > 1 such that D2 + A = (D2 + a)I; i.e., D2(l -1) = -a(l -1) + 4 -a, whence / -1 divides 4 -a. If a = 1 then / = 2 or 4, whence D is even, contradicting that «, is square-free. If a = 2 then / = 2 or 3. 1=2 implies D is even and / = 3 implies D2 = -1, both being contradictions. Hence K is ramified over Fx at some F,-prime. Now we invoke [8] again to get that h(nx) divides h(K).
By [3] (see a'so [4] [5] if rf-1.
Since h(K) > /i(«i) by the above, then we have verified the first two inequalities of (b). Note that h(n2) divides h(K) as well but h(nx) provides a larger bound. Now we turn to the final inequality. From the above we have h(K) > h(nx) if a = d = 1, but we can say more in this case. First we claim that K is ramified over F3 at some F3-prime. (Note that this does not occur in general when a = 2; and as mentioned above a = 1 ■= -d is not possible.) If K is unramified over F3 then, as in the proof of (a), every prime which ramifies in Fx or F2 ramifies in F3. However, the fact that 3 divides 2D2 + 5 guarantees that 3 ramifies in both Fx and F2, hence not in F3, a contradiction. Now since K ramifies over F3 we may again invoke [8] to get h(n3) divides h(K).
By [4] the fundamental unit of F3 with n3 = (D4 + 5D2 + 4)/9 is {2D2 + 5 + (¡{n~)/3.
Therefore from Theorem 1. Q.E.D.
